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0. Summary. Asymptotic normality of linear ran.z statistics

ur~der alternatives is proved employing techniques of Cherno~f
arid Savage, (l95R)~~~ Under suitable assumption s the rate of

c onvergence to riormi lity under alternatives is also obtaine

for such statistics. The results of the paper are related t

t~iose of iiájek ~~968-~~and Hoeffding~~(-~.9-73)~~ i Results on th~

~~~ rite of convergence 3xtend those of Jureckova and Puri~ (197 ~) ,

~
‘ a.-td Bergstrom and puri~ (1976).

1. tntroduction. Let fX~~ , I ~ i) be a sequence )f independent

random variables with continuous cdfs (cumulative distribu ion

functions) 
~~Ni’ 

t~~1) respectively .. Consider a linear

/ rank statistic SN given by
• - 

N
,-

~ 

. (1.1) SN = C~~ aN (RNi~
where RN . is the rank ~f XN. in (X~~ , ... X~~ )

(cNl , ... , CNN) are kno’~a (regression) constants, ind

aN(l) , .. , a~~(N) are ~scores” generated by a known real—

valu~d function cp(t) , 0 t<l in either of the following w ys:

(1.2) aN(i~ 
= c p( i/ (N r l )  ) , l �i� &

(. )
(1.3) aN(i) = E p ( T J~ ) , l� isN

(i.)
where U is the jth o.~der statistic in a sample of size I

>- N
from the rectangular distribution over (0,1).cDc_) - -
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W • make the f’~lt owing assumptions:

-½
(IA) max = 0 ( N )

3. N

(Is) ~~~~~~~~~~~~~~~~~~~~~~~~~~~ i 0 ,1; > 0 ,
K a gener constant.

s
~ 

is appi oximate variance of aitd is given by

(1.7) and (1.8) belcw.

0 ir main results are the following:

Theore:~ 1.1. Let the scor es aN(i)~ 
.t.�i�N be c efined as in (1.~~).

‘en, inder the assum tions (IA) and (IB~ ,

(1.4) sup p 
~~ x ) — 

~ Cx) ! -. 0 as N-~~, 5N 4 0

wt~iere— 

~ (x) = 1 -t~/2

(1.) = ~! cNi fcp(HCx ) ) dF~~ (x) ,

(1.,) H(x) = Z F?~
. (x ) , 

1-~j=~1

2 N 2 2
(1. 7) SN 

= Z S  Ni ~ SNi = 
~
/ar(A

~~
. 
~~Ni~ ~

(1.1) (x) 
~ ~~1

(c
N~ 

— cNj) $ ~ - ~~~ (Y) )~~
‘ (11(y) )dFN ~~~

and

f0 if y < x
t x�y~ U. if Y �X V

L 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V~~~~~~~~~~~~~~~

V V V~~~~ V~~~~~~~~~~~~ ,~~ V ITI~~~~~~



_____ - - ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ ~ V 
~V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

r

VV

V

~~~~~~~~~~~~~~~~~

3

—i.
Coroll~~~~ 1.1. Let cp ( t) = F ( t ) , where F is a cdt. Let the
scores aN ( i ) ,  l~~~i � &  be q~iven by (1.3) . Then, under the
assumptions ( I A )  and (I B) , the conclusions of Theorem 1.1 hold.

Theore~u 1.2. Let the scores a~~(i) , l~~i�N be given by (1.2) and

the as:3umption ( I A )  b e s~i tisfied . Let

(1 .10) sup~ cp ’ (x) I = 1l~i ‘~~ 
<

x
then

(1.11) sup ft (
~
—

~ ~
‘ 

~ x) — ~(x) I � c1 ~~ 
+

X Nwher e
(1.12) t3N  = p / s ~ , c1 = 0.7985

N 3 3
(1.13) P~~j = E 

~~Ni (XNi )I and

Furthermore,

1.14) N½ AN = Op (kil ls;
1 

E l c N~~!)

Remark. Theorem 1.1 has been proved by H~ jek (1968). His

conditions on the score generating function cp are milder than

ours but the conclusion of our theorem 1.] is sharper in the sen:-e 4
that the centering constant UN appears naturally in place of

ESN given by Hájek (1968) . Corollary 1.1 is an extension of a

similar result proved by chernoff and Savage (1958) for the two
sample problem and serves to remove some of the coinp1ic~ tions

encountered in Hoeffding (1973). Theorem 1.2 is related to the

results of Bickel (1972), Jure~kova—Puri (1975), and Bergstrom—

Pun (].~ 76). However, the bounds obtained in these papers are

non—random and thus eharper than ours. On the other hand, our

conditions on the score generating function cp are milder. We

believe tha t  the theorem 1.2 is true even when the condition (1. 0)
is replaced by the assumption (I B). \t the present time , the

theory oi asymptotic expansion for su~ts of dependent random

variable - is still at a rudimentary s~age (Stein (3970)) and it is

&‘uhtful i~f t’~e random te rm can Je  removed without a d d i t i n ]

as~ umpti ns on tht underlying distri) utiois.
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A3ymptotic Normality of S~ . The proof of theorem 1.1 (and
c- rollary 1.2) will be along the lines of the Chernoff—Savage
t~eorem (1958) as given in Pun and Sen (1971) with some
m- difications necessitated by greater generality of the present
pcoblem .

First we introduce the following notations:

(2.1) HN(x) = 

~~ i1~~~~ Ni ~~~~

i N
(2.2) H(x) = 

~~~ ~~FNj (x)

N
(2.3) CN (x)

(2.4) c(x) Y C NjFNj (x)

Note that the functions H
N(x) and C

N (x) are stochastic
variables whereas H(x) and C(x) are non-random though
depending on N

Then the following inequalities are obvious:

(2.5) ICN (x) ~ N max IC&. ! HN (x)
l�i�N 1.

(2.6) !c (x) l ~ N max IC Ni I H ( x) , —~~< x < ~~

Proof of Theorem 1.1. We rewrite SN defined in (1.1) as

(2. 7) s~ = [ r p 1j~~~1 L N (x) ) dCN (x)

= 
~N + BiN + 32N ÷ E D iN

where t N is given by (1.5), and 
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(2.8) B1~~~ 1q(B(x))d(C~ (x) -C(x))

( 2.9 ) B2N (HN (x) —H (x) cp
’ (H(x)) dC (x) ,

(2.10) D1N~~~~~ ~[HN
(x) q ’ (H(x))d CN

(x),

(2.11) D2N =I (HN
(X) -R(x)) cp ’ (H(x))d (CN(X) -C(x))

(2.12) D3~~~ j{cp(~~~~H~ (X)) — cp(H(x)) — (~j~~ nN(x — H(x)) cp’ (H(x))} dcN (3c).

The rroof will be accomplished if we establish the followirg:

(a) !~N l <
~~~~~~~‘

(b) (B1N + B2N)/sN is asymptotically normal,

(c) DiN = op(sN). 
i=l ,2,3

Proof of (a). Using (2.4) and (2.6), we obtain

(2.13) � N max !c~!S ~cp (H(x))!dH(x) < ~~
-
, by assumption (1B

l~ i�N

Proof of (�j. To prove (b), we shall verify the Liapunov condition
for BiN/sn and B2N/sfl . Integrating B2N by parts , we obtain

(2.14) 132N = CHN(x) - H (x)~~B*(X) - 

j :
B* X d t E l

N
(X - 11 (x)]

where

= I cp ’(H(x))dc (x)
where x0 is determined arbitrarily such that H(x

0) > 0.

V. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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We first consider rB
*(X)dCHN(X) 

- 11(x)]

(2.15) .fB
*(X)dCHN (x) 

— H (x)3 = z {  B* (x
N i ) _ E B *(xNj)]/N

2+5’
We verify the condition 

~~~~~~~~~~ E E [IB
* (X

N i ) _ EB*(XNj)!/N~ -.0

as N- for some 5>0 . To verify this, it suffices to show that
.

1 N * 12+8’
(2.16) ~~~~ E E[!B (XNj) I/Nj -. 0, a~; N ’~

V 
Choose 8’ > 0  such that (2+5’)(5—½ ) ‘1 . Then

(2.17

‘~~~~ x
1 N 2+ ’ 2+8 . 2+8’

~ 2+5’ 2+5’ 
1
1
N ~ 

1�i�N Ni ’ ~~I j c ~’(H(y))dH(y)I dFN~
(:
~
)

N

2+5’ V
• 2÷8’

~ ~~~~~~ 
ICNj!/sN} 

~ 
,f {I cp(H(x + ~cp (H(x0)) I} dFNI (x

2+ 5 ’
= 0(rf5~~ f f l p (H(x)) + ! cç ( R (x

0
)) 

~) dlt (x) .

We now show that

s (3c ) = 0 (1) , where 8(x) = CHN (x )  _ H(x) ]B*(x) (sec (2.~ 4)) .

We note that
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= N IHN(x) -H(X) I 1 
1$~~’ H  y))dc(y)!

N N s  X0N

I H~~x) - H(X) 0(1) [
~~

‘ (H(s )) dH(y)!
x0

� k L~ IH~ (x) —

‘low since Y ~. >0, 5’ >0, ~ c (e, 5’) ~

- su ½ IHN
(x) — ii (x)j

(2.18) P p N 6L~ 
> c(c, 5 ’)J< c

r~~~(X)  (1—11 (x)) )

It folJ )WS that with probability >1 - €

!—~~~ -I ~ k [H(x)(1—H(x)H
5 8

c(€,&;) 40 as X4±~~

by cho sing 5’ <5.

Ti us the Liapunov condition (2.1~) is satisfied for B2N/sN .

The ye ification (of the Liapunov conditior ) for BiN/sN is

simila , and the same is true for (Bl~+B2N)/sN by using the
C
r 

— ii equality. This proves (b).

rroof f (c).

(2.19) ~~~~ � ~~~ l~r~_l~
. ’( H (x Nj ))cNj ! ~

where c
(2. ~0) V = ~ç ’ (H(XNj)) 

~~~~~~~~~ I

i NTo est~b1ish that — 
•~~~ V -. 0 in probability, it suffices toN i 1 Ni

ihow t tat

_ N  a
(2.21) N E EIVN . < for some 0 <a <1 ( f. Lo~ve (1963) • page 241).

L 1



Taking ~ = 2/3

1 N 2/3 C .2/3
E E IV Nj � 

~~~ L�i�N I -~~~~~ I x
N N 

2

x ~1$ [ii(x) ( 1 - 1 1( x) )  ~ dFN i (x)

� K J ~ [u(l—u) ) ~ dtt < uniformly in N .

~ow consider

D2N = [ ( H N (x) - H ( :))  ~~~‘ ( H ( x )) d ( C N (x ) C ( x ))

Noting (2.18), it follow:; that with probability > l—€,

IFLN (x) 
— H (X ) I c c ’ ( i i ( x ) )  I —~~~ C ( € ,  ~~ ‘)  ~H ( x) ( 1 — 1 1 ( x ) )  1

Setting 0<5
k 

= S - -S ’ Choosing 8’ <8 , It suffices to ~;how t h at

(2.22) 1 

~ 
$ f 1 1 x  (~ 

— H ( ~~~)) 
~ 
5 1  = —

~
-j- E CNj XS~~~~2 1 1

x fH~~~~
) (1

Setting
½

(2.23) VNi = 
N C Nj I H ( X Ni ) (l_H (X Ni)) 

5* 1

we have ~o show tha t

(2.24) 

~ 
1V~~ 

— EVNiI - ‘ 0 in probability .

This will follow if we show that for some i. > 0 ,

(2.25) N (l+
~~ .~ t~: ~v 1

l.i- t 0Ni

— _ 
~~~~~~~~~~~~~~~~~~~~~~~~ = _

~~~
_ __ _ *~~~~~_~~~ _ ~~~~~~~~~~~~~~~~ iiZ fl~fl J~~

_ _
~~~ _~. ~~~~~~~ - ~~~~~~~~~~ V~~ V _ _ ~~l— .L- VS
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* 5*Choose a > 0  such that (l+~~)(S —1) >—l (i.e. 0<0< -~~~ )
1_5 *

Then

½ max L+0

(2 .2 )  
(l + a)N 

E I V ~~~~~~ ~~ 1�i�N lC Ni l
i=1 Ni a SNN • N

x E rH(XNI
)(l_u(XN.)) 

V (j .4 -a) (5
*_ 1)

*1 I~ (l+a)(5 —1)
0( 1) —

~~ 
f H ( x) ( l  — 1 1 ( x ) ) ) dH(~:) -.0 , as N~ o’ .

This proves (2.25).

Finally, consider

N NH(x)
D3N = J {c c (~~~1 HN(x) ) -cc (H(x)) — ( N-f-]. _H(x))cp’(H(X))dCN (X)

We have to show that —u 0 (1). Denote

D 
S

& p

(2.2 )  c = — ~~~~~ ,
~ ‘l ½

N
5

N

a-d note teat

(2.2k-) !C3~~ ‘ 0(1) $ i~(~~ HN(x)) 
- cc(H(x)) - (

~~~~~~~ X) 
-

cp ’ ( H ( x)) !dH N (x), since l�i~ N 
I C Ni I 

= O(~i~~)

N -½The proof that the right hand side of (2.28) is o(N ) follow ;

p:ecisely as in Pun and Sen (1971, pages 401—405). Thu s the
proof of Theorem 1.1 fol Lows.

Proof _ of Corolla~~~j.l. 1)enote

~~.( t)  = 
t]

a 0- t < l  ; aN (i )  = E c c ( U~ ’~~) ,  l~~~i~~~N

where 
~~.] is the greatest integer ~ a ; and let

LV ~~~~ V~~~~~ _ _  _ _ _
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( 2 . 29~ 
S

N 
= ? c P N (

N H
N

(X )
) dCN (x)

The proof of the corollary will be accomplished if we show
that (S

N
_ S

~
)/s

N 4 0 in probability , as N 4 .

Lemma 2.1. Under the hypotheses of theorem J .l and Corollary l .L ,

(2.30; cp~ (t) = cc(t)

(2.31 -~~~~~~~ ‘l 
(~~~~~ H~~(x) ) - cc (~~~~~ ~~

(x)))d N(t) l = o
P
(sN) .

Proof. The proof of (2.30) is well known (see Pun and Sen (1971),
pages 408—409); and so we prove (2-31).

Using (2.5), we obtain

( 2 . 3 2 )  ! {
~. 

( N H
N

(x)
) - dc

N (x)

nax N (NHN 
(xN i ) ~ (

N H
N 

(xNi)\
1 ~i�N 

J C Ni I i ~~~l 
cc~ ~ N÷l — cp~~~ N÷l )

= 1 .~ i�N IcNi ! >  I cc~ 
(
~j~r

) — ~
-
‘~ 

( i~r )

Now by assu;nption I (A)

(2.3~ ) 1~~~N 
j cNi l 

i~ l 
ccM GâI) - cc(â) ’ 0(L)N~~ ~1k1(th~

- ~th) ’
which 40 -~s N-.~~ (ef. Pun and Sen (1971), pages 409—4 1).

This proves the Lemma; and hence the corollary l . L .

To comoute the var (B1N + B2N) , note that

BiN ~~
cc (H(XN

i ))c
N. + constant .

*B2N = 
~~~~ ~~~~~ 

B (X
N1

) -~ constant , where



V ~~~~~~~~~~~~ V~~VV ~V_~~~

V 

x 

11

B*(x) = $ cp ’(H(y))ac(y) = 
j~~]. 

CNj I C P (11(y)) d
~N

.(y)

Noting that cc(H(x)) = cc ’ (11(y)) dH(y) + cc(H(x0)) , and setting
x0
x xCNi N - 1 N

ANj(x) = —fl-- ~~l
Ic P ’(H(Y))dFN~

(Y) — •
~‘i j~~~1 

CN j J L P ( H ( Y ) ) dP
Nj (Y )

= 
~~~ 

(c~ - CNj) H’ (11(y)) dF
Nj  ~~~~

we obtain 
N

Var (BiN + B2N) = j~~1 
var (A Ni ~~~~~

Proof of Theorem 1.2. Using (2.7), we have

S -u  T D
(2.34) _N N = N +

S
N 

S
N 

S
N

wi ie r e

(2.3’~) T1~ = 8lN + B2N~ 
and DN = DiN + D2N ÷ D3N

Donote

S - u
(2.3 ) F~j(X) = ~~~~~~~~~~ ~ x~~ , GN(x) = P 1 —~ � x )

N ‘ N

Then D
(2.3’) FN (x) ~(x) = GN

(x_ —
~ 

) — ~(x)

= [ G~~~x -~~~) - + - ~(x)~

S:nce (by Polya ’s theorem), both FN
(x) - ~(x) and

DNG (x------ ) — ~(x—j--- ) converge to o uniformly in x , it
A r  V

~N N

follows that the random quantity 

-~ - ~~~~~ - -~~~~~~~~~~~~~ -— -- - - ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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(2.38) AN = 
~~~~~~~~ 

l~~(x—j~~) 
— ~ (x) I converges to zero.

We now estimate

(2.39) I GN 
(x - —

~~~~ ) 
— ~ ( x  -j ~~H = ~~P1 G (x) - ~(x) I

Observe that by the Berry—Esseen theorem (cf. Feller (1971), page 544),

Cp3

(2.40) SUp 
~~~(x) — ~ (x) �

S
N

wiiere C can be taken to be .7975 (ef. Van Beek (1972), and
B iattacharya—Ranga Rao (1976) ).

From (2.40) and (2.37) , we have

3CpN(2.41) I FN (x) — F (x ) � +

I: remains to show that N½ AN 
= ~~~~~~~~~~~~~~ IC N i I )

From (2.38), Since

D D ~D(2.42) ~~(x — 
~~~~~~ — 

~(x)I = ~~~~~~‘(x — -
~~~~) for some a, 0 � a ~ l~N N N

J2ir ~N

—1 NI
i: suffices to show that 1~ DN = 0~ ~

11
~ 

11
~~N ~~

IcN i I )

Now re—arranging the terms of , we obtain

(2.43) DN = 1 { ~(~~ x ) ) _ H(x ) ) }d C N (x) - [(~~~(x) -11 (x)) dC (x)

To simplify the proof, we drop the factor j~ -c~ since it does not
a:~fect the conclusion. By the mean — value theorem

(2.44) c4 (HN(x)) 
— ~ (H ( x) )  = (HN (x) — 11(x )) cc ’ (

~ N ( c)) for some 
~N ( x ) .

L~ . V 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V~~~~~~~~~V~~~~~~~~~~~~~~~ 
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Hence

!~~~ 5 (H N (x) -H(x) )  
~~~

‘ 
~~~~~~ 

dc~~(x) � ~L~J i r N
½ (H (X)_H(X))dC (X)

Let c>0 be given. Then from Pun and Sen (1971) , there
exists a constant C(e) such that with probability >3 —

SUp N½ ! i~~(x - H(X) I < C(s)

Hence, with probability > i -

N~~ Co N(2.45) I— f (H.~(x) — H ( x)) cc ’ (~N (x)) dcN(x)I � ll cp ’ll E !cNiI

The proof of

(2.46) ~~~ ~$~~~(~~(x) -H(X))cc ’ (H(x)) dC(x)! ~ C(~) 11cc ’ ii~L ICN .

in probability is identical.
(2.45) and (2.46) establish the theorem (1.2).

‘l

V VV VVV ~~~~~~~~~~~~~~~~~~~~~~~~
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